
c©ÌàòÁþðî � ðåøåíèå çàäà÷ ïî âûñøåé ìàòåìàòèêå, òåîðèè âåðîÿòíîñòåé

Êðèâîëèíåéíûå è ïîâåðõíîñòíûå èíòåãðàëû

Êðèâîëèíåéíûé èíòåãðàë ïî äëèíå äóãè (1 ðîäà)
Åñëè êðèâàÿ çàäàíà óðàâíåíèåìy = ϕ(x), a ≤ x ≤ b, òî èíòåãðàë âû÷èñëÿåòñÿ ïî ôîðìóëå

∫

AB

f(x, y) ds =

b∫

a

f(x, ϕ(x))
√

1 + (ϕ′(x))2 dx.

Åñëè êðèâàÿ çàäàíà ïàðàìåòðè÷åñêè: x = x(t), y = y(t), t1 ≤ t ≤ t2, òî

∫

AB

f(x, y) ds =

t2∫

t1

f(x(t), y(t))
√
x′2(t) + y′2(t) dt.

Êðèâîëèíåéíûé èíòåãðàë ïî êîîðäèíàòàì (2 ðîäà)
Ïóñòü P (x, y), Q(x, y) � íåïðåðûâíû â òî÷êàõ äóãèAB ãëàäêîé êðèâîéK, èìåþùåé óðàâ-
íåíèå y = ϕ(x), a ≤ x ≤ b. Òîãäà êðèâîëèíåéíûé èíòåãðàë 2 ðîäà âû÷èñëÿåòñÿ ïî ôîðìóëå:

∫

AB

P dx+Qdy =

b∫

a

[P (x, ϕ(x)) +Q(x, ϕ(x))ϕ′(x)] dx.

Åñëè êðèâàÿ çàäàíà ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè:x = x(t), y = y(t), t1 ≤ t ≤ t2, òî

∫

AB

P dx+Qdy =

t2∫

t1

[P (x(t), y(t))x′(t) +Q(x(t), y(t))y′(t)] dt.

Åñëè ïóòü èíòåãðèðîâàíèÿ � ïðîñòàÿ çàìêíóòàÿ êðèâàÿ, òî èíòåãðàë áåðåòñÿ ïî íàïðàâ-
ëåíèþ ïðîòèâ ÷àñîâîé ñòðåëêè.

Íåçàâèñèìîñòü êðèâîëèíåéíîãî èíòåãðàëà 2 ðîäà îò êîíòóðà èíòåãðèðîâà-
íèÿ
Åñëè äëÿ êðèâîëèíåéíîãî èíòåãðàëà

∫
K
P (x, y) dx+Q(x, y) dy âûïîëíÿåòñÿ ñëåäóþùåå ñî-

îòíîøåíèå â îáëàñòèD
∂P

∂y
=
∂Q

∂x
,

òî ïî ëþáîìó çàìêíóòîìó êîíòóðó, öåëèêîì ëåæàùåìó âD, èíòåãðàë ðàâåí íóëþ, à äëÿ
íåçàìêíóòûõ êðèâûõ íå çàâèñèò îò ïóòè èíòåãðèðîâàíèÿ (ïîýòîìó óäîáíî âûáèðàòü ïóòü
êàê ëîìàíóþ èç îòðåçêîâ, ïàðàëëåëüíûõ îñÿì).

Âû÷èñëåíèå ïëîùàäè
Ïëîùàäü S ôèãóðû, îãðàíè÷åííîé ïðîñòûì çàìêíóòûì êîíòóðîìC âû÷èñëÿåòñÿ ïî ôîð-
ìóëå (íàïðàâëåíèå òàêîå, ÷òî îáëàñòü îñòàåòñÿ ñëåâà):

S =
1

2

∮

C

x dy − y dx.
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Ôîðìóëà Ãðèíà
Ïóñòü C � ãðàíèöà îáëàñòèD è ôóíêöèè P (x, y), Q(x, y) íåïðåðûâíû ñî ñâîèìè ÷àñòíûìè
ïðîèçâîäíûìè ∂Q/∂x è ∂P/∂y íåïðåðûâíû â çàìêíóòîé îáëàñòèD.

∮

C

P dx+Qdy =

∫∫

D

(
∂Q

∂x
− ∂P

∂y

)
dx dy.

Ïîâåðõíîñòíûå èíòåãðàëû
Ïóñòü F (x, y, z) � íåïðåðûâíàÿ ôóíêöèÿ è z = f(x, y) � ãëàäêàÿ ïîâåðõíîñòü S, ãäå f
çàäàíà â íåêîòîðîé îáëàñòè ïëîñêîñòèxOy. Ïîâåðõíîñòíûé èíòåãðàë 1 ðîäà âû÷èñëÿåòñÿ
ïî ôîðìóëå: ∫∫

S

F dS =

∫∫

D

F (x, y, f(x, y))
√

1 + (z′x)2 + (z′y)2 dx dy.

Åñëè P (x, y, z), Q(x, y, z), R(x, y, z) � íåïðåðûâíûå ôóíêöèè è S+ � ñòîðîíà ãëàäêîé ïî-
âåðõíîñòè S, õàðàêòåðèçóåìàÿ íàïðàâëåíèåì íîðìàëè n = (cosα, cos β, cos γ), òî ïîâåðõ-
íîñòíûé èíòåãðàë 2 ðîäà âûðàæàåòñÿ êàê

∫∫

S+

P dy dz +Qdz dx+Rdx dy =

∫∫

S

(P cosα +Q cos β +R cos γ) dS.

Ïðè ïåðåõîäå íà äðóãóþ ñòîðîíó ïîâåðõíîñòèS− èíòåãðàë ìåíÿåò çíàê íà ïðîòèâîïîëîæ-
íûé. Åñëè ïîâåðõíîñòü S çàäàíà óðàâíåíèåì â íåÿâíîì âèäåΦ(x, y, z) = 0, òî íàïðàâëÿþ-
ùèå êîñèíóñû íîðìàëè îïðåäåëÿþòñÿ ïî ôîðìóëàì:

cosα =
Φ′x

±
√

(Φ′x)2 + (Φ′y)2 + (Φ′z)2
,

cos β =
Φ′y

±
√

(Φ′x)2 + (Φ′y)2 + (Φ′z)2
,

cos γ =
Φ′z

±
√

(Φ′x)2 + (Φ′y)2 + (Φ′z)2
.
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